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Abstract 

It is "well-known that the perturbative prepotentials of four-dimensional TV = 2 supersym- 
metric Yang-Mills theories satisfy the generalized WDVV equations, regardless of the gauge 
group. In this paper we study perturbative prepotentials of the five-dimensional theories for 
some classical gauge groups and determine whether or not they satisfy the WDVV system. 



1 Introduction 

The original WDVV equations were put forward by Witten and Dijkgraaf, E. Verlinde and 
H. Verlinde [2] in the context of 2-dimensional topological conformal field theory. They form the 
following system of third order nonlinear partial differential equations for a function F of N variables 

FiF^F m = F m F^Fi i,m= l,...,N (1.1) 

where Fi is the matrix 

_ d 3 F(a 1 ,...,a N ) 

{ l) i k ~ d ai d aj da k ( ' 

Moreover, one requires that F\ is a constant and invertible matrix. 

The generalized WDVV equations however are given by the following system 

F i F~ 1 F m = F m F- 1 F i i,k,m = l,...,N (1.3) 

for any k, and there are no further requirements with respect to a special coordinate. It is not 
difficult to show (see e.g. |2j) that this system can be written equivalently in a form which is more 
convenient for our purposes 

F l B- 1 F m = F m B- 1 F l i,m = l,...,N (1.4) 

for a linear combination B of the matrices F^, possibly with Oj dependent coefficients. In fact, 
(|1.4|) holds for all linear combinations B simultaneously, provided their inverse exists. The original 
equations (jl.lj) are therefore indeed a special case of (|1,4[) . which explains the terminology. 

The generalized WDVV system was proven to hold for prepotentials of certain four-dimensional 
J\f = 2 supersymmetric Yang-Mills theories by Marshakov, Mironov and Morozov [I] , [H] , [H] • Such 
prepotentials consist of a perturbative and nonperturbative part, and often it can be shown that 
the perturbative part itself satisfies the WDVV system. In 0,[£],|Z1 and [H] the authors study 
perturbative prepotentials of five-dimensional theories in combination with the WDVV equations, 
and it is our main goal in the present article to provide proofs of some of the statements made 
there and to deduce new results for perturbative prepotentials of the five-dimensional theory. 

For sake of transparency we first give a summary of the results of this paper in section [21 
followed by the central part section |3] containing all the proofs. 



2 Summary of the results 



In general we consider functions of the following type 

F(ai,...,a.N) = ^2 [ a -f( a i~ a j) + a +f( a i + a j))+ 1 l'}2f( 



/ N \ J , / N \ I N \ N 



where we adopt the notation of 5 j. The function / is defined by 



k=l 

and therefore 

f"'(x) = coth(x) (2.3) 

The general form (|2.1|) is motivated by physics, see for instance |5].|lUj.[TT]. In particular, the 
second line contains cubic terms coming from string theory, serving as corrections to the naive field 
theoretic perturbative prepotentials. These represent the most general cubic expression which is 
preserved by permutations of the variables a±, ...,ajy. 

For various combinations of the parameters we will investigate whether or not F satisfies the 
WDVV system (|1.4|) . The method used involves making an appropriate choice for the matrix B, 
although the results are of course independent of this particular choice. 

2.1 The simplest case 

The simplest set of parameters we consider is a+ = rj = 0. These values do not correspond to an 
actual prepotential from physics, but we do find solutions to the WDVV system. Without loss of 
generality we can chose a_ = 1 by scaling a, b, c. 
We can prove the following result 

Theorem 2.1 The function \2.1]) with a_ = 1 , a+ = and n = satisfies the WDVV system 
\1.J\) if and only if the following relation holds 

Nb 3 + 3b 2 c - ac 2 + 3Nb + c + N 2 a = (2.4) 

More accurately, this relation is correct in the generic case that both Nb + c / and Na + 2b ^ 0. 
Special cases will be discussed separately in section 13.1.11 

2.2 The type A prepotential 

Let us now turn to a prepotential with physical background. We consider the function 

F(xi, ...,x N+ x) = ^ f(xi - Xj) + J~ 1 ^ XiXjX k (2.5) 

l<i<j<N+l l<i<j<k<N+l 

which is of the form of the previous paragraph with parameters a, b, c given by 

t= _^ c = n+i 
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The SU(N + 1) perturbative prepotential is obtained from F by the linear 1 change of variables 

i = 1,..,N 



dj = Xi — XN+l 
(IN+I = Xi + ...+X N+ i 

and the substitution a^ + i = 0. Concretely it is given by 

N 



(2.7) 



F(ai,...,a N ) 



l<i<j<N 



a, 



+ 



3(iV + 



(2- 



J =1 



i=l 



This is of the general type (|2.1|) with parameters 



a_ = 1 


a + = 


7] = 1 


a ~ N+l 


b = -1 


c = iV + l 



It turns out that the sign of the correction term in (|2.5|) is irrelevant for the WDVV equations. 
We can confirm the result in [5] and prove 



N 



Theorem 2.2 The function 
F(ai,...,a N ) = 

l<i< 

satisfies the WDVV system \l-4\l - 



^2 f( a i- a j) + ^2f( a i 

l<i<j<N i=l 
3 



JV+1 



N 



(2.9) 



Remark We note that (|2.9j) is invariant under the Weyl group of A^j. In fact, taking arbitrary 
values for a,b,c this is still the case. A natural question is therefore whether an F with a_ = 1, 
a+ = and r/ = 1 satisfies the WDVV system for any other values of a, b, c. Calculations for 
ranks up to five suggest that there are no other solutions. This should mean that the string theory 
corrections are precisely the ones needed to satisfy the WDVV equations. 

2.3 Other classical Lie algebras 

Next we consider a prepotential inspired by the other classical Lie algebras. Without correction 
terms, the B,D prepotentials are given by a_ = 1, q+ = 1 and r/ = 1,0 respectively. Leaving the 
parameter r\ unfixed, we can prove the following theorem 

Theorem 2.3 The function 

F(ai, ...,a N ) = ^2 [f{ai-a j ) + f{a i + a j )\+'q^2f(ai) 

l<i<j<N^ ' 1=1 

satisfies the WDVV equations \l-4\) if and only if r/ = —2(N — 2). 
1 The WDVV equations are invariant under linear coordinate changes 



(2.10) 
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Remark This solution seems to have little to do with the B, D Lie algebras, since r\ is different from 
1 and 0. One can think about adding correction terms to restore the Lie algebraic interpretation, but 
the Lie algebras under consideration do not possess any third order Weyl invariant polynomials. 
This forces one to consider fourth (or higher) order correction terms and therefore nonconstant 
additions to the third order derivatives of F, which is beyond the scope of this article. For the sake 
of completion we mention that calculations for low ranks indicate that adding third order correction 
terms with parameters a, b, c indeed doesn't help: the WDVV equations always force a = b = c = 0. 



2.3.1 Adding an extra variable 

We can add a variable a^+i to the prepotential (|2.1U|) and obtain the following result 
Theorem 2.4 The function 



, s N N 

F(ai, ...,a N+ x) = ^2 [f( a i - a i) + f( a i + a j))+V^2f( a i) + ^( a %+i + 3ajv+i^a-)(2.11 

Ki<i<N^ ' i=l ' i=l 



l<i<j<N 

satisfies the WD VV system {1.$ if and only if 



V = -2(iV - 2) - ^ (2.12) 



With respect to the variable ajy+i the matrix of third order derivatives is 



d 3 F 

(Fn da N+ idaidaj ( 2 - 13 ) 



and therefore becomes a multiple of the identity. So the function 1)2.11(1 can even be regarded as a 
solution to the original WDVV equations (|1.1[) . To the best of our knowledge such functions, both 
as a solution to the generalized system and to the original one, have not been considered before. 



2.4 An additional result 

In this section we mention a result which was obtained in the process of proving the main results 
of this article. The five-dimensional prepotentials are built from a basic function / with f"'(x) = 
coth(x). The four-dimensional theories have a basic function with f"'{x) = —. We can prove the 
following result, which should be compared with theorem 12.11 

Theorem 2.5 The function h 2.1)) with a_ = 0, a+ = 1, 77 = and /"'(a?) = | satisfies the WDVV 
equations if and only if 

Nb 3 + 36 2 c - ac 2 = (2.14) 
In the next sections, we will describe the proofs of theorems I2.1H2.5I 



3 The proofs 

The general idea underlying all the proofs of this section is to find an appropriate linear combination 
B such that its inverse, appearing in (|1.4|) . becomes manageable. In the four-dimensional theory 
it is possible to chose B to equal the Killing form of the Lie algebra under consideration |12| . In 
our five-dimensional setting this is no longer the case. This makes the Lie algebraic structure less 
transparent than in the four-dimensional case. 

We start by proving theorems 12. II and 12.51 in section l3~Tl making use of a constant nondiagonal 
matrix B. Theorems 12 . 21 |2~B1 and l2~H on the other hand are proven by taking a diagonal (not always 
constant) B, which allows for a common general strategy for these cases, given in section l3~2l The 
individual theorems are subsequently proven in sections 13.313.41 and 13.4.11 respectively. 
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3.1 The simplest case 

We will prove theorem 12.11 Therefore we consider a function of the form 



(N \ 3 I / N \ f N \ C N 
i=l / \i=l / \j=l ) i=l 



i<3 

where 

f"'(-x) = -f"'(x) (3.2) 
Writing = f'"{fli — a,j), the third order derivatives of F are 

Fkim = a + 5 kl 5 lm i^2p kq + 3b + c\ +5 k i(l-5 km )(P mk + b) 

+ 6 km (l-5 kl )((3i k + b) + 6i rn {l-5 k i)(p kl + b) = aU lm + (V k ) lrn (3.3) 

We take a specific linear combination B = Ylf=x Fj and using ()3.2|) we find 

B = (Na + 2b)U +{Nb + c)I (3.4) 

Special situations occur when Na + 2b = and / or Nb + c = 0. The first results in B being a 
multiple of the identity and the second causes B to become singular. For the moment we will work 
with generic B and we will come back to the special cases later. The inverse of B equals up to a 
factor 

Bu^^sJ-^-n) (3.5) 



Na + 26 

For the WDVV equations to hold, we should have 

(FB-'F m ) jn - {F m B^ Fi ). n = (3.6) 

or equivalently 

R B _ r r Wb + c + N 2 a 

J-'ij J - > mn J^mj J^in TVo + 26 m Jjn — v / 

We will first calculate the commutator [Fi, F m ] = [all + Vi, all + V m ]. We find 

(C/y m ) fci = 26 + S lm {l - 5 kl )(Nb + c) (3.8) 
and since U T = U and V£ = V m we also know V m U = {UV m ) T . Furthermore, if we use the identity 

PijPik + PijPkj + PikPjk = 1 (3.9) 

we find 

[Vi, V m ] jn = %(1 - S mn ){l - 5 m )(b 2 - 1) + 5 mn (l - 5 jm )(l - 5ij)(b 2 - 1) 
- S jm (l - S mn )(l - 5 in )(b 2 - 1) - <y in (l - 6 jm )(l - 5 lj )(b 2 - 1) 
+ 5 ij 8 mn (f3 + 2{b 2 -l))-8 ]m 5 in {p + 2(b 2 -1)) (3.10) 
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and therefore 



[Fi, F m ] jn = - 5 mn )(l - 5 in )a + 5 mn (l - 5 jm )(l - <Jy)a - 5 jm (l - 5 mn )(l - 5 in )a 

- 5 in (l - 5 jm )(l - 5ij)a + 5ij5 mn ((3 - 2a) - 5 jm 5 in {(5 - 2a) (3.11) 



where 



a = b — 1 — ac — Nab 

P = N + Nb 2 + 2bc (3.12) 

On the other hand, we have 

BijB mn - B mj B in = (Na + 2b) 2 5^(1 - 5 mn )(l - 5 in )j + 5 mn (l - 5 jm )(l - 5ij)j 

- Sj m (l - 5 mn )(l - 5 in )^ - S in (l - 8j m )(l - %)7 + Sij5 mn (5 - 27) - 5j m S in (5 - 27) 
where 

Nb + c 

7 : 



(3.13) 



Na + 2b 

5 = 7 2 (3.14) 

The equation (|3.7|) therefore reduces to two algebraic relations among the parameters a, b, c. These 
relations are 

3Nb + c + N 2 a ,„ . 2 



Na + 2b 

and 



a + {Na + 26)^7 = (3.15) 



- 3iY6 iV + Q C + + 2 f a (2a -0) + {Na + 2b) 2 (2 1 - 5) = (3.16) 

which combine into only one relation 

Nb 3 + 3b 2 c - ac 2 + 3Nb + c + N 2 a = (3.17) 

This finishes the proof of theorem 12.11 In the next section we will look at the nongeneric values of 
the parameters a, b, c. 

3.1.1 Special values for a,b,c. 

Recall from (13. 4j) that there are special situations for either Na + 2b = or Nb + c = or both. If 
Na + 2b = and iV6 + c^0 then we find that the WDVV equations hold if and only if 

\F i ,F m ]={) (3.18) 

and therefore if and only if 

fNa\ 2 

a = l+(— J -ac = (3.19) 



1. 



and 



Na\ 2 



2a -/3 = -(N- 2) ( 1+ ( —J -ac 1=0 (3.20) 



Note that just substituting b = — ^ in ()3.17|) gives 

(iV 2 a - 2c) ^1 + - ac^J =0 (3.21) 

which is only partially correct since N 2 a — 2c = does not yield a solution. 

Furthermore, if Nb + c = and Na + 2b ^ 0, then Q3.4JI shows that -B becomes singular. 
Experience tells us that for N ^ 3 there exist no solutions to the WDVV equations without the 
extra requirement b = ±1. For iV = 3 there is no such condition on b and the WDVV equations 
are satisfied. We will now consider b = 1 and b = — 1 separately. If 6 = 1 then we chose a new 
nonsingular B equal to 

N N I \ 

b = j2 hjFj = -( 2 + a ( N - i )y 2a] + a Yl &2at f j ( 3 - 22 ) 

j=l 3=1 \ i^j / 

and working this out we find that i3 equals up to a factor 

{— + b ) 1 ( 3 - 23 ) 
which is a nonzero multiple of the identity since Na + 2b ^ 0. If 6 = —1 on the other hand, we take 

N N I \ 

^ = E ^ = E IK 2 - - l )) &2ak + a E II e2ai ^ ( 3 - 24 ) 

3=1 3=1 \k¥=3 k^j i+k J 

which also leads to B being a multiple of the identity. So in both cases we must solve (|3.18|) again, 
which leads to 



Na + 2b = (3.25) 

which is precisely what we excluded before. 

Finally, if we take both Na + 2b = and Nb + c = then all linear combinations of the Fj 
become singular and the WDVV equations are meaningless. 

Summarizing, we conclude that if Na + 2b = and Nb + c ^ there are solutions if and only if 




(3.26) 



and if Nb + c = and Na + 2b ^ there are solutions if and only if N = 3 and finally if both 
Na + 2b = and Nb + c = then there are no solutions at all. 
This finishes the discussion of theorem 12.11 
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3.1.2 Taking f"(x) = \ instead of coth(x) 

In the previous section, we took f"'(x) = coth(x) which leads to the relation 

/%Afc + PijPkj + PikPjk = 1 (3.27) 

and under the condition f"'[—x) = —f"'(x) this is the only differentiable solution to this relation. 
We could also consider instead the equation 

PijPik + PijPkj + Pikfljk = (3.28) 

and assuming again f'"(—x) = —f"'(x) we find that the only solution is f'"(x) = K This is the 
basic function for the four-dimensional theory. Adding correction terms, we find that [Fi,F m ] is of 
the same form as (j3.11|) but with 

a = —b 2 — ac — Nab 

P = Nb 2 + 2bc (3.29) 

and we find precisely the same B{j B mn — B m jl3{ n as in (|3.13jl . For iV ^ 2 this again leads to a 
single relation, namely 

Nb 3 + 3b 2 c -ac 2 = (3.30) 
which is to be compared with (|3.17|) . This finishes the proof of theorem 12.51 

3.2 General strategy 

In the previous section proofs were given of theorems 12.11 and 12.51 To discuss the proofs of the 
remaining theorems we will use the following general strategy. We take the general function of 
()2.1|) and return to the case f"'(x) = coth(x). This F has third order derivatives equal to 



Fklm = a + 5kl6~l m Kk + SklPmk + 0~kmPlk + SlmPkl (3.31) 



where 



q^k 

k = ??coth(a fc ) + (4 - N)b + c 

0=1 ° if ' = j (3-32) 

lJ I a_ coth(a, — aj) + a + coth(aj + aj) + b if i ^ j 

Consider a linear combination B of the following form 

Bki = ^ki~r (3.33) 



where A k depends on the specific prepotential under consideration and will be specified later. We 
find 

JV 

(FiB -1 F m ) j = ^ FijkAkFkim 

= $im (^A-ifijiPlm + $ij ftlmAiKi + 5u(3jiAiKi + 5ij5l m AiKiK„ 

+ Sji(l — 5i m )Aj(3ij(3 m j 
+ 8ji8i m A m K[Pi m 

+ Sij8iiAiKiP mi 

+ 6u(l - 8 jm )Aif3jif3 mi 

+ 8i m (l - <%) yAiPjifiim + AjPijPjm + aA m K m + a^2 AkPkmj 

+ Sj m (l - di^AjPijfiij 

+ Sij(l - 6 lm ) (yAifiuPmi + A m f3 mi [3i m aAiKi + a ^ A k (3 k ^j 

+ SijSlm [ A-iKiftim + A m K m (3 m i + ^ ^ A kPkmPki 4" a ^4m-^m 

+a ^2 A kPkm + aAiKi + a ^ A*./^ J 

+ a 2 ^A fe + a(^^+A^)+a(A m /3 Zm + A z ^) (3.34) 

it 

Here it should be noted that the last line contributes to all the previous ones. For example, if 
i = l,i 7^ m,i j,j 7^ m then (FjS -1 F m ) . { is not 

Ajf3ijf3 m j (3.35) 

but 

AjfajPrnj + a 2 A k + a(Ajf3ij + Atfe) + a(A m (3 im + ^Ani) (3-36) 

k 

In order to satisfy the WDVV system we should check whether or not (|3.34|) is symmetric in i and 
m. For example, the first two lines automatically are preserved under the interchange of i and m. 
The third and fourth lines on the other hand are mutually exchanged. The rest of condition (|1.4j) 
is nontrivial and depends on the details of the function F. 

3.3 The type A prepotential 

As mentioned in section T2.21 after taking a_ = 1, a+ = and rj = 1 the only solutions to the 
WDVV equations exist for the parameters 

a = ±^- T , b = Tl , c = ±(N + l) (3.37) 

These two cases will be treated separately in the following sections. 
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3.3.1 The parameters a = —jf^i , b = 1 , c = — N — 1 

The third order derivatives of F are given by 

2 

Fklm = — j- + SklSlmKk + SklPmk + <W/% + SlmPkl (3.38) 

with 

-Kfc = ^ /3fcg + /9jfc 

a = rd^- 2 ^- 1 ) 

f if i = j 

= 2 _^V if i^j (3 - 39) 

We take a specific linear combination = ^ . /ij-Fj where 

= e 2 ^ + ^ e 2 «> (3.40) 
i=l 

and we find up to a factor 

Using this information we can derive the following identities 

+ ^ = 2-^--^ (3.42) 

AiPtj + AjPji = 2 (3.43) 
4 

Aif3jif3im ~i~ Aj f3{j ftjm A rn Pj m Pi m — g2a m (3.44) 

Turning to the WDVV condition we find that the first two lines of ([3.34 ft are preserved under the 
interchange of i and m and that the third and fourth lines become mutually exchanged. We will 
now study the fifth and sixth lines. Keeping in mind that the last line of ([3.34ft contributes to both 
of these, we find that the fifth line becomes 

Su(l - 5i m ) ^AjPijPmj + a 2 ^ A k + a ( A jPij + MPji) + « (AnAm + AiPmi^J 

and the sixth becomes 

5i m (l - Sij) AiPjiPim + AjPijPjm + a 2 ^2 A k + a (AjPij + AiPji) +a^2 A kPkm + aA m K m 

V k k J 

Using the definition of K m and the relations (|3.4'2ft . ([3.43ft and ([3.44ft we see that these are indeed 
exchanged under the interchange of i and m. The seventh and eighth lines of ([3.34ft are mutually 
exchanged for the same reasons, which leaves us with the ninth and tenth lines. The complete ninth 
line becomes 



fiijfilm ( AiKifiim + A m K m f3 m i + ^ ] AkPkmPki + &A m K m + a ^ ^ Akfti 



km 



k^i,m 



+aAiKi + a^Akf3ki + a 2 ^A k J (3.45) 
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and the tenth line is 

SjmSu (^A m (3f m + Aif3 2 mi + 2a {A m f} im + A^ mi ) + q2 J2 Afc l ( 3 - 46 ) 
Using the definition of K m and working out (|3.45[) we find 

\ k^i,m 

+ a ^ (A m /3 mfc + A k f3 km ) + aA m /3 m + a ^ {Ai(3 ih A k (3 ki ) + a^ft + a 2 ^ A fc J (3.47) 

ky^m kj^i k / 

We will make use of Q3.43JI and the following relations 

AiPikPim + AmPmkPmi + AfrPkmPki = 4 (3.48) 

AiPi(3 im + A m (3 m (3 mi = 8-4N (3.49) 
and we find that the ninth line becomes 

Sij6i m ^Ai$ m + A m fi 2 mi + 4a(iV - 1) + a {A m (3 m + Aifc) +a2 J2 A k) ( 3 - 50 ) 

Using ()3.43j) again we find that the tenth line becomes 

SjmSu I A m f3f m + + 4a " 4^7 " + a 2 ^A k ) (3.51) 

V e 1 e m k J 



and using the relations 

4 i I. 

e 2a » e 



AiPim + A m /3 mi A m f3; tm Ai(3 m i — + e 2a m (3.52) 

2N -2 2N -2 
AnPm + Aipi = 8-AN + ^— + - (3.53) 

we find that the ninth and tenth lines are indeed exchanged under the interchange of i and m. 
Therefore the prepotential (|2.9|) satisfies the WDVV equations and we have proven half of theorem 

3.3.2 The parameters a = jf^ ,b = —l,c = N + l 

In this section we prove the other half of theorem 12.21 The third order derivatives of F are given 
by 

2 



kirn 



N + l 



+ &klblm,Kk + 5klPmk + $kmPlk + $lmPkl (3.54) 



with 



Kk = ^Pkq+Pk 
q+k 

& = T^ + 2{N - l) 

( if i = j 

= 2^ if i j, 3 M 
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Taking 

N 

hj = e 2a > + e 2a,; (3.56) 

i=l 

we find that up to a factor B = V hjFj equals 



>kl 



' ^ 6 kl ±- (3.57) 



1 - e 2a * J A k 



So with respect to the previous paragraph there are modifications in the definitions of (3 k , 0^ and 
A k . This causes the relations (ETI21 . (|3~l3l . (033)), (l3~i8l . <|3~52l and to be changed 

to the following ones 

(3.58) 
(3.59) 
(3.60) 
(3.61) 
(3.62) 
(3.63) 

'2N - 2)e 2am (3.64) 

and using these relations we find that the WDVV equations are again satisfied. This proves theorem 



■Ajfiij + Aif3ji 


= -2 + 2e 2a > + 2e 2aj 


■Aiftij -\- Ajf3ji 


= -2 


Aif3jif3i m + Aj Pij Pj m A m f3j m f5i m 




AiPikPim A m (3 mk [3 m i + A k [3 km f3 k i 


= 4 


Ai(3i(3i m + A m [3 m [3 m i 


= 4iV-8 


-A-iPim + A m f3 mi — A m /3 irn — Ai/3 mi 


— 4c^ a * -\- Ac^ arn 




= AN -8 + -(2N -2)e 2a > 



3.4 Other classical Lie algebras 

In this section theorem 12.31 will be proven. Therefore we take a prepotential of the form 
F(ai, ...,a N ) = ^ [f{ai-a j ) + f{a i +a j )\+r] 

(3-65) 

l<i<j<N^ ' i=l 

where again 

f"{x) = coth(x) (3.66) 
The third order derivatives are given by (|3.31|) with 

K k = ^Pkq + Pk 

q^k 

(3 k = rycoth(aj - a,) 

(3i = I ° if i=j (3-67) 

%3 I coth(aj — aj) + coth(aj + aj) if i ^ j 

a = b = c = (3.68) 
One can derive the following relations 

Pjiftim ~\~ PijPjrn fijmPim — (3.69) 
PikPim + PmkPmi + PkmPki = 4 (3.70) 
PiPim ~\~ PmPmi = 2 (3.71) 
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which are identities that we will need later. Furthermore, we take 

N 



and using (j3.69j) we find 
Bkl = $kl 



B kl = ^2smh(2a j )F jkl (3.72) 



( N 1 \ 

1 - N + cosh 2 ( aj ) + - (2(JV - 2) + rj) cosh 2 (a fe ) (3.73) 



This becomes independent of k and I precisely for rj = —2(N — 2). So for this value of rj we can 
regard B as a multiple of the identity. First let us consider all other values of 77, so that B is equal 
to (EP31 with 

A _ \ _ \ to 74 \ 

k l-iV + ^ 1 cosh 2 (a j ) + i(2(iV-2)+r ? )cosh 2 (a fe ) X + Y k 

In order to satisfy the WDVV equations, the expression (|3.34| should be symmetric in i and m. 
Just as in the previous section, the first nontrivial condition is that the fifth and sixth lines of (|3.34j) 
are exchanged under the interchange of i and m. This condition translates into 

■A-iPjiPim ~i~ Aj Pij ftjm -^-mPjmPim — (3.75) 

and therefore 

(X + Yj){X + Y m )PjA m + (X + Yi){X + Y^frjPjm -(X + Y)(X + Yj)^ im = (3.76) 
Working this out further we find 

1 (e 4a * - l)(e 4a ^ - l)(2(iV - 2) + r/) 2 



16 e 2(ai+aj) 



(3.77) 



Therefore we find that for r/ ^ —2(N — 2) the WDVV equations are not satisfied. We will now 
determine what happens for the value r\ = —2(N — 2), for which B becomes a multiple of the 
identity. Then (|3.34|) becomes 

FijkFkim = hm ( PjiPim + 8ij(3i m Ki + 5uf3jiKi + bijbi m KiK m J 
fc=i ^ ' 

+ — Slm)(3ij(3mj 

+ 5ji5i m Kif3i m 

+ 5ij5uKi(3 mi 

+ <W(1 — <>ij) (ftjiPim + PijPjm) 

+ Sj m (l- Su)(3ij(3ij 

+ Sij(l — 5l m ) (PliPml + PmiPlm) 

~i~ fiij^lm f Kif3i m + K m f3 m i + ^ ^ Pkmftki J 

k^i,m 

+ 5j m 5u (/3 2 m + (3 mi ) (3.78) 
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The seventh and eighth lines are exchanged under the interchange of % and m for the same reasons as 
the fifth and sixth lines. Therefore it remains to check that the ninth and tenth lines are exchanged. 
To do this, we use (|3.7(Jj) and ()3.71j) and find 

K-iftim ~\~ K m (5 m i + ^ PkrnPki 
k^i,m 

= (PikPim + PmkPmi + PkmPki) + 0i m + P m i + Vifiifiim + PmPmi) 

k^i,m 

= 4 + PL + PL + 2v = PL + PL + 2(2(N-2)+v) (3-79) 

k^i,m 

So for the special value r/ = —2(N — 2) we can conclude that F satisfies the generalized WDVV 
system. This finishes the proof of theorem 12.31 

3.4.1 Adding a new variable 

We add a new variable to the prepotential of BCD type and consider the function 
F(a 1 ,...,a N+1 ) = ^ (f(ai-aj) + f(ai + aj)j+r)^2f(ai) 

l<i<j<N^ ' i=l 

+ 7^4r+i + ^Ar+i^axJ ( 3 - 8 °) 

The B that we will use is 

B kl = (F N+1 ) M = jS M (3.81) 

and the WDVV condition becomes 

N+l N+l 

^ FijkF k im = ^ F mjk F k n i,j,l,m = l,...,N + 1 (3.82) 

k=l k=l 

I£i = N + lorm = N + l then this condition is automatically fulfilled. Restricting ourselves to 
i, m < N we can rewrite the left hand side of (|3.82|) in the form 

N N 

FijkFkim + Fij,N+lFN+l,lm = Fij k F k i m + 7 2 (%7/ m (3.83) 
k=l k=l 

Therefore we can repeat the analysis of the previous paragraph, starting with the expression (|3.78|) . 
This expression is now changed by adding -y 2 to the Sij5i m term in the penultimate line. Since this 
is the only change, the condition rj = —2(N — 2) is modified to 

r? = -2(iV-2)-^ (3.84) 

This proves theorem 12.41 

Remark The condition (J3.84|) allows us to use the values r\ = 1,0 which are associated with the 
B,D Lie algebras. By adding the extra variable we can regard the corresponding prepotentials 
of the B, D theories as solutions not only to the generalized WDVV equations, but even to the 
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original system (jl.lj) . Since n is negative for real 7, the condition (|3,84|) requires 7 to be imaginary, 
and the prepotentials no longer satisfy the property that real variables a& lead to a real value of F. 
To restore this property one can change the variables to ia^ and change / to 

m = g(-) 3 - -m*-**) = -iEV (3 - 85) 

fe=i 

This / is sometimes used in the literature, see e.g. jJJ. 

References 

[1] E. Witten, Two-dimensional gravity and intersection theory on moduli space, in Surveys 
in differential geometry (Cambridge, MA, 1990), pp. 243-310, Lehigh Univ., Bethlehem, PA, 
1991. 

[2] R. Dijkgraaf, H. Verlinde, and E. Verlinde, Nuclear Phys. B 352, 59 (1991). 

[3] A. Marshakov, A. Mironov, and A. Morozov, Modern Phys. Lett. A 12, 773 (1997). 

[4] A. Marshakov, A. Mironov, and A. Morozov, Phys. Lett. B 389, 43 (1996). 

[5] A. Marshakov, A. Mironov, and A. Morozov, Internat. J. Modern Phys. A 15, 1157 (2000). 

[6] H. W. Braden, A. Marshakov, A. Mironov, and A. Morozov, Phys. Lett. B 448, 195 (1999). 

[7] A. Mironov, WDVV equations and Seiberg- Witten theory, in Integrability: the Seiberg- Witten 
and Whitham equations (Edinburgh, 1998), pp. 103-123, Gordon and Breach, Amsterdam, 
2000. 

[8] A. Mironov, hep-th/0010078 . 

[9] J. A. Harvey and G. Moore, Nuclear Phys. B 463, 315 (1996). 
[10] I. Antoniadis, S. Ferrara, and T. R. Taylor, Nuclear Phys. B 460, 489 (1996). 
[11] N. Nekrasov, Nuclear Phys. B 531, 323 (1998). 

[12] R. Martini and P. K. H. Gragert, J. Nonlinear Math. Phys. 6, 1 (1999). 



15 



